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A statistical derivation through the quantum Fisher information and quantum Cramer-Rao bound
yield a Tlﬁ scaling of the uncertainty of an observable with the number of measurements made N

given the probe state under measurement is a classical state. However, the use of entanglement can
improve this bound to a % scaling. One particular probe state of interest is the maximally-entangled
NOON state, which can be realized through a multitude of quantum optical techniques. I review
some of the methodologies towards achieving high N-valued NOON states and discuss a particular
application in photolithography beyond the classical Rayleigh diffraction limit.

I. INTRODUCTION

Advances in precision quantum metrology have yielded
insight into a wide variety of new physics and enabled
new technologies in areas such as navigation and time-
keeping [I, 2]. An especially notable accomplishment
is the detection of gravitational waves, ripples in space-
time predicted by Einstein’s theory of general relativity,
with the Laser Interforemeter Gravitational-Wave Ob-
servatory (LIGO). At the heart of these pursuits lies the
concept of the standard quantum limit (SQL) and the
Heisenberg limit, two fundamental bounds on the preci-
sion at which physical quantities can be measured [3] [4].
Beating or saturating these limits not only enhances the
precision at which measurements can be performed, but
also can also serve as invaluable resources for encoding
and processing quantum information with enhanced fi-
delity and resilience to noise.

During the course, one methodology we discussed was
the surpassing of the SQL by the means of squeezed
states, quantum states that exhibit reduced uncertain-
ties along certain axes in phase space compared to the
vacuum state. Mathematically, squeezing can be char-
acterized by squeezing operators, which act on quantum
states to deform their phase space distribution in a man-
ner that selectively reduces uncertainties. Such states
were first prosed by Caves [5] and experimentally real-
ized by Grangier et al. [6] and have also seen application
in the GEO600 [7] and advanced LIGO detector[§] to
surpass the shot noise measurement limit.

In this review, I will cover techniques to surpass the
SQL and saturate the Heisenberg limit that do not rely
on squeezing, instead leveraging quantum entanglement
to achieve so-called superresolution and supersensitiv-
ity. I will begin by discussing some basic formalism
corresponding to the Standard Quantum Limit and the
Heisenberg Limit. I will then review a series of theories
and experiments, specifically the proposal and generation
of maximally entangled NOON states, that yield measure-
ment results that overcome the SQL. I will conclude by
discussing some potential applications in quantum lithog-
raphy.

II. THE STANDARD QUANTUM LIMIT AND
THE HEISENBERG LIMIT

The standard quantum limit is the minimum level
of quantum noise that can be obtained when measure-
ments are made on classical systems. There is always
some quantum noise present in the system due to the
quantum fluctuations stipulated by the Heisenberg un-
certainty principle [9].

Statistical errors from such fluctuations can be reduced
through repeated measurements, and the ensemble-
measurement based method of obtaining expectation val-
ues from quantum systems is a method for averaging out
such fluctuations in the system. However, the accuracy
of these measurements is limited by a scaling resultant
from the central limit theorem, which stipulates that n
repeated independent measurements each with standard
deviation o, performed on a system will yield a Gaussian
distribution with a standard deviation given by

g
Oensemble = .
Vn

To more concretely define n, we can consider each mea-
surement to be an instance in which the probe (measure-
ment device) and the system under measurement inter-
act.

It should be noted that this scaling arises purely from
classical probability theory and disregards the quantum
nature of the probe or the system under measurement.
When quantum effects such as entanglement and squeez-
ing are employed, a more advantageous % scaling arises,
yielding the Heisenberg limit [10].

To better understand the origin of such a bound, let
us consider the problem of quantum estimation. Quan-
tum estimation of a continuous parameter x encoded in
some state p, of a quantum system S can be given in the
following sequence of steps:

(1)

1. Perform a measurement on the system S.

2. Process the data obtained from the measurement
on S to extrapolate information on the value of z.

Before describing a fully quantum picture of the asso-
ciated quantum bounds on information, let us first begin
with the classical formalism.



A. Classical Statistics

We can define a statistical model f(x|6) to be a func-
tion that maps a parameter 6 to a set of possible mea-
surement outcomes z for some random variable X [IT].
A useful metric that dictates the amount of information
about 6 from a random variable X upon making some
number of measurements n is the Fisher information,
which is given by

10) = nBx | (99 10g(f(210)))?] (2)

where Ex.g is the expectation value with respect to
f(x;0). An alternative form of expression this relation,
given that the log likelihood [ is twice differentiable, is

1(8) = —nEx. [0 log(f(x]))] - 3)

The Fisher information can be thought of as a measure
of the sensitivity of the statistical model f(xz|f) when 0
changes. The linear relationship with the number of mea-
surement should be noted — an experiment with twenty
measurements will be twice as informative as an experi-
ment with ten measurements. A useful construction is
the classical Fisher information of the density matrix
p(0), given to be

1
1(0) = ; magp(ﬂ@) (4)

where p(bl6) = (b] p(60) |b).
An unbiased estimator of a deterministic variable 6 has

a variance that is bounded by the Cramer-Rao bound,
which is defined to be

This condition stipulates that the precision at which
can be estimated is fundamentally bounded by the Fisher
information of the statistical model.

An additional useful metric to analyze is the efficiency
of the estimator e(#), which describes how close the vari-
ance of the estimator is to the Cramer-Rao bound. The
efficiency is given to be

e(f) = (6)

and it follows that e(f) < 1. An optimal estimator is
one that saturates the Cramer-Rao bound and has an
efficiency of 1. Minimizing the uncertainty of parame-
ter estimation can thus be thought of as attempting to
maximizing the Fisher information and saturating the
Cramer-Rao bound.

IIT. QUANTUM STATISTICS

Both the Fisher information and the Cramer-Rao
bound have quantum analogues, which follow from the
Heisenberg uncertainty relation. Let us consider some
density matrix p given by

p=> i) (V. (7)
k

Heisenberg uncertainty dictates that for two operators A
and B, we have the following inequality

1.
AAG ABY, > 2|4, Blyy, [ (8)

For the mixed state, the variance of A can be shown to
be

(AA)? = sup,, ,, Z pe(AA)?, (9)
k

For an estimation parameter 0, we will define its uncer-
tainty to be

AA?

2
804 = A B, P

(10)
and upon applying the Cauchy-Schwarz inequality and
the above definition [§] of the variance of A, we then see
that we have the bound [12]

1
Amaxp, 4, (3, Pr(AB)3,)

This is just the quantum Cramer-Rao bound and has
the ﬁ scaling of the standard quantum limit.

Like the classical analog, the quantum Fisher informa-
tion is just the term in the denominator, and can be given

to be

AG% = (11)

(12)

Ig[p, B] = 4maxy, 4, [Z pk(AB)E/;k
k

An alternative and perhaps more natural derivation is
through the modification of p(x|f) with the Born rule
and symmetric logarithmic derivative[I3]. The Born rule
dictates that

p(x|0) = Tr(IL;pel, (13)

where II is a positive operator-valued measure (POVM)
and py describes the density matrix of the quantity 6 we
are seeking to measure. A POVM is a map that asso-
ciates some positive operator with every subset, where
the subset includes the possible measurement outcomes
and is a more general formalism for describing measure-
ment.

We now define the symmetric logarithmic derivative
Ly, which is given implicitly by

0,0 = (6 L, (0)) (14)



and explicitly

~2iy 3

k,l
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where A\, and ); are the eigenvalues of of the states |k)
and |l). With the application of the Born rule and the
use of the symmetric logarithmic derivative, the classical
Fisher information can then be reconstructed to be

F) = [[ar L)

TrlpolLy]
To obtain a bound to estimation given a quantum system,
we must then maximize the classical Fisher information
over quantum measurements. This procedure goes as fol-
lows:

(16)

2
F(6) g/dz W (17)
< / dxTr[, Lopg Lg] (18)
= Tr[LgpeLy) (19)
= TrlpsLj). (20)

The Quantum Fisher information is thus given to be

IQ(@) = TT‘[ngg] = TT[aengg], (21)
from which the quantum Cramer-Rao bound then arises:
1 1

(22)
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where n once again is the number of measurements [? |
and we observe a general formulation of the SQL. Phys-
ically, such a limit arises from the Poissonian statistics
that classical light obeys.

The application of the symmetric logarithmic deriva-
tive for the derivation of the quantum Fisher information
is important as it yields a method to compute the quan-
tum fisher information for any density matrix. It should
be noted that in the large NV limit, the quantum Cramer-
Rao bound can be provably saturated with local non-
quantum enhanced measurement (no entanglement ap-
plied during readout or measurement). This implies that
surpassing the SQL requires the application of quantum-
enhanced techniques during the preparation of the probe
[14].

A. Beyond the Standard Quantum Limit

The Quantum Cramer-Rao bound was derived for the
case where the set of probe states py was fixed and only
used to describe the readout stage of the measurement
procedure. Additional considerations of the measure-
ment probe preparation as well as the probe-system in-
teraction must be made. As an example, we can consider

a system of n entangled probes pén). To derive a bound

on the precision of measurement, we must optimize with
respect to both the entangled probes as well as the overall
error with respect to py. Performing both optimizations
ensures that we will have a precision that is no larger
than the quantum Cramer-Rao bound [I4], and will thus
be of the form

! ] . (23)

\/E(Pe)

The optimal py must be a pure state by the convexity of
the quantum Fisher information [I5]. For a pure state in
a closed system that has no loss or decoherence, py can
be rewritten in terms of the states under measurement
pe. Assuming a unitary measurement protocol denoted
by the Hamiltonian H, the input state can be written to
be

A6, > max () l
Po

Po = Pz = eiH@HefiH@ (24)
which for the case of pure states, enables the quantum
Cramer-Rao bound to be written as

1
> —.
"~ 2AH\/n

When the probe states are maximally entangled, we have
2AH = N, where N is the number of entangled probe
states. The resultant scaling then becomes

1
N

where v = nN and describes the resource scaling of the
system.

To illustrate the resultant % Heisenberg scaling, it is
perhaps most illuminating to consider the example of
Ramsey interferometry, a common technique in atomic,
molecular, and optical (AMO) physics. Ramsey interfer-
ometry seeks to measure the accumulation of an unknown
phase ¢ between two orthogonal states |0) and |1) of an
atomic system. An atom prepared in the excited state
[1) is hit with a 7/2 pulse, where it is then sent to the
superposition state %(\O) +|1). It is allowed to precess

A® (25)

A (26)

and accumulate some phase ¢, and it eventually enters
some state %(|O> + €' |1)). Another 7/2 pulse is then
applied, "undoing” the first one, and we find the prob-
ability of finding the atom to be in the same final state
¢ as its initial state 1); to be

(1 — cos @)
2

and upon successive measurements, the phase ¢ can then
be recovered. For this case, the signal of the measurement
is given by cos ¢, whereas the noise is |sin ¢, and for n
measurements on n independent atoms, the uncertainty
in ¢ is given to be

P=[{ls) | = (27)

1 sing _L
A¢_\F|dcob¢»‘ \/ﬁ (28)



which is the bound predicted by the standard quan-
tum limit. We observe that the only scaling is with
the number of measurements made, and there is no ex-
ploitation of quantum effects to increase measurement
precision. However, we can consider an alternative sit-
uation in which instead of n independent atoms, we
perform this sequence on a maximally entangled GHZ
state of n entangled atoms, as described by Bollinger et
al. in 1996. For an input state of n atoms |[11...11),
the application of a 7/2 pulse yields the GHZ state
%(H)O ...00) +]11...11)). Free precession then yields

the state %(|OO ...00) + €™ [11...11)), where we ob-

serve a scaling of the accumulated phase with the number
of atoms in the input state. Application of the second

/2 pulse then yields a probability of P = W and
a subsequent standard deviation of
1
A¢ (29)

v

where v is the number of trials performed. By utiliz-
ing a maximally entangled input state, we thus observe
a scaling of the standard deviation at %, the so-called
Heisenberg limit.

IV. ENTANGLEMENT

A. NOON States

As discussed above, the usage of a highly entangled
state as an input to Ramsey interferometry yields an un-
certainty on the measurement result that scales as %,
surpassing the standard quantum limit. This methodol-
ogy has become quite commonplace with photons, to the
point where it has received its own special name: The
NOON state [16]. Let us consider the case of two sets of
entangled photon states A and B going through a Mach-
Zehnder Interferometer (MZI), as shown in figure[l} The
state A goes through a phase shifter while B does not.
This is essentially the same as the aforementioned Ram-
sey interferometry experiment.

Entangled
Photon
Source

Detector

FIG. 1. Entangled photon source emitting two branches A
and B. Branch A passes through a phase shifter (¢) before
reaching the detector.

At the initial output of the photon source, we have a
superposition state of N photons in arm A and no pho-
tons in arm B and N photons in arm B and no photons

in arm A. This is denoted to be
1
V2

When a number state enters a phase shifter, it evolves in
accordance with the unitary operator

U(¢)

and thus the resultant output at the detectors is given
by

INOON) = —=(IN) 4 10) 5 +10) 4 [N) ). (30)

= e iN¢ (31)

1
V2

The measurement result on each photodetector is given
by

INOON) = —=(IN) 4 [0) 5 + 7V [0) 4 [N} ). (32)

Inpa = Iysin? (¢/2) (33)
Iy = Ipcos® (¢/2) (34)

where I denotes the intensity of the incident light. The
subtracted signal is then

M(¢) =Ina —Ivp =Iacos¢ (35)

Such a measurement corresponds to the observable M,
given by

M = [N)[0) (O] (N] +10) [NV} (N (0] (36)
and the uncertainty in 6 is thus given by

AA

80 = 1aray e ~

1/N (37)

where we observe the Heisenberg scaling.

B. Generation of NOON States

Low photon number NOON states are fairly straight-
forwards to generate. First, a single photon undergoes
spontaneous parametric down-conversion (SPDC) where
it becomes a pair of number states. Passage through a
beamsplitter then yields the state

) = %uzu 100 + 1004 12) 5 (38)

as stipulated by the Hong-Ou-Mandel (HOM) effect
(cross terms cancel due to destructive interference) [9].
Though not fully exploiting the lower uncertainty that
arises for higher values of N, the demonstration of the
1/n scaling in experiments applying two-photon states
is still a topic of high interest. Zhou et al. performed
demonstrated a super-resolving phase measurement with
NOON states in 2017 [I7]. They up-converted a pho-
ton pair from 1547 nm to 525 nm type 1 periodically
poled potassium crystal before sending the state through



a beamsplitter and then through detectors, in a similar
set-up to the one draw in figure [I, The purpose of this
up-conversion was to increase the sensitivity of optical
path length measurements and also reduce diffraction ef-
fects during imaging, as such effects scale with the wave-
length. To validate the fidelity of their state generation,
Zhou et al. performed a HOM experiment and observe
nearly perfect (96.72 £ 0.82%) interference between the
generated 525 nm photon pair.

The two-photon NOON state is then sent to a Sagnac
interferometer, where the two-photon interference fringe
is measured with a visibility of 84.93 & 3.18%, surpassing
the standard quantum limit visibility threshold of 71%.
This result is shown in figure [3] The visibility is defined
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FIG. 2. Interference pattern of the two-photon NOON state as
a function of the rotation angle of the phase plate, which is
used to induce the phase shift ¢. Figure taken from Zhou et
al..

to be the ratio of the amplitude of the interference pat-
tern to the sum of the powers of the input signals, or

v 2vI1 I

. 39
I + 1 (39)

There has also been attention to the shrinking of the
architecture required to generate such states so as to
make them more applicable and scalable for creating
Heisenberg limited sensing networks. Verma et al. pro-
posed a methodology that involved the usage of a quan-
tum dot embedded in a crystal microcavity [I8], while
Vergyris et al. successfully demonstrated the heralded
generation of a two-photon NOON state on a chip with
the use of nonlinear wave-guides and femtosecond lasers
[19]. This realization achieved a two-photon visibility of
90 & 8% and a fidelity of 95 4+ 8%, with a rather high loss
of 14dB.

Achieving higher N-valued NOON states is a non-trivial
procedure. Let us first examine a similar SPDC proce-
dure. For a strong pump, SPDC produces un-entangled
number states (twin-Fock states) of form

[¥) = [N/2) 4 IN/2) (40)

in modes A and B. However, the input of these twin
states at the input of a beamsplitter does not immedi-
ately yield a high N-valued NOON state (high NOON), as
the generalized HOM effect [20] yields the following out-
put state:

IN/2) , IN/2)p = (41)
en IN) e [0)p +enea [N = 2)6 [2) p + (42)

oten—2(2)¢IN =2)p +en[0)o [N)p (43)

where C and D are the output modes of the beamsplitter
and cy are amplitude weight factors for each state. We
observe the desired high N states on the outer edges of
the beamsplitter output, but there is a large quantity of
crossterms in the middle that we wish to get rid of. Thus,
to achieve a high NOON state, some technique must be
implemented to remove the middle portion.

One such proposal was made by Gerry and Campos
in 2002 [2I], employing two MZIs coupled by a cross-
Kerr phase shifter and a quantum-optical Fredkin gate.
The implementation of a Fredkin gate (a controlled-swap
gate), as shown in figure 77 enables a single photon in the
first MZI to control the phase shift in the second MZI.

C MZI-2 ’

s\, MZI1-1 /

FIG. 3. Schematic of an optical Fredkin gate that implements
a controlled swap with two MZIs and a cross-Kerr medium.
Figure taken from Gerry and Campos.

The output state of such a system is

) out = %[(INM 0}, + e~ N2 10), [N),) 1) [0} (44)
+i(IN), [0y, + e N2 0), [N),)[0) 1)) (45)

for which the Heisenberg limit can be saturated.
Though such a methodology appears to resolve the
issue of high NOON state generation, it is heavily lim-
ited by the efficiency of the nonlinear Kerr medium. For
N = 10, the system would yield a phase shift of 107207
[22]. One substitution for this nonlinear Kerr medium
is to apply the efficiency quantum computing with lin-
ear optics paradigm introduced by Knill et al. in 2001
[23]. In such a scheme, an effective Kerr nonlinearity
can be achieved through a combination of mirrors, phase



shifters, beamsplitters, and detectors at a far higher ef-
ficiency. Lee et al. proposed a method of high NOON
state generation with the aforementioned methodology,
utilizing solely linear optical components [24] as shown
in figure[d They claim that this set-up can achieve a four
photon NOON state. Post-selection on one photon being

FIG. 4. A four-detector MZI interferometer that utilizes
measurement-based conditioning to realize a high NOON state.
Figure taken from Lee et al.

measured at each detector yields the desired high NOON
state without the need for nonlinear optical elements and
boost the efficiency to 10~! However, this post-selection
protocol scales exponentially with N, meaning that the
likelihood of getting a NOON state is exponentially de-
creases for a larger input state. This scheme can then be
stacked to realize arbitrarily high N NOON states [25].

Efforts to improve the exponential decay of efficiency
with N in the linear optics scheme have been made
[26] 27], while other techniques that seek to circumvent
the linear optics formalism have also been explored [28§].
Presently, experimentally realizing such states are still
quite challenging.

C. Experimental Realizations of High NOON States

In 2003, Mitchell et al. experimentally realized a
three-photon NOON state [29] with a postselection scheme
shown in figure [5| with an success rate of 72%. In their
experiment, two photons from from pulsed parametric
down-conversion and another local oscillator photon gen-
erated from a laser. The down-converted photons are
orthogonally polarized, and upon polarization condition-
ing, post-selection for cases of no photon reflection off the
polarization beam splitter shown in figure [5| confirm the
creation of a NOON state.

A four-photon NOON state in a similar linear optics
post-selection scheme was realized by Walther et al. in
2004 with the experimental apparatus shown in figure [6}
Spontaneous parametric down-conversion of the pump
beam produces a pair of energy-degenerate polarization-
entangled photons. The pump beam is then reflected
and emits another pair of photons into a different set
of modes, and a methodology analogous to the proposal
by Lee et al. was applied to attain the desired output
four-photon NOON state.

In 2008, Higgins et al. realized an alternative method
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FIG. 5. a) demonstrates the sequence of optical compo-
nents that condition the polarization of the input photons.
b) demonstrates the detector set-up that realizes the post-
selection protocol.

FIG. 6. The four-photon NOON state preparation apparatus.
a1, az, b1, and by denote the output modes of the photons
emitted through spontaneous parametric down-conversion
through the BBO crystal. A pump mirror PM is position-
scanned by a piezo to tune the phases between the two pairs
of photons.

that enabled phase estimation up to the Heisenberg limit,
though the state realized by this procedure is not entirely
identical high V NOON state. Instead, they inputa N =1



NOON state through an interferometer 378 times, apply-
ing feedback at each pass to realize IV entangled single-
photon states. This protocol is effectively equivalent to
applying a generalization of Kitaev’s phase estimation al-
gorithm and can circumvent the high detector overhead
for realizing a complicated NOON state at the cost of addi-
tional electronics and feedback mechanisms. Though not
a traditional NOON state, Higgins et al. similarly demon-
strate a Heisenberg-like scaling of phase estimation, as
shown in figure [7]
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FIG. 7. Comparisons of experimental data with theoreti-

cal scaling laws for the system under measurement. It is
clearly seen that the algorithm realized by Higgins et al. (red
squares) surpassed the SQL and has a Heisenberg like behav-
ior.

V. APPLICATIONS

There are a handful of potential application for the
aforementioned Heisenberg-scaling NOON states, such as
quantum coherence tomography [30], quantum remote
sensing for laser interferometric radar, the miniturization
of sensors [31], quantum information and communication
[32], and even extensions to chemistry and biology [33].
I will focus on quantum lithography.

Quantum lithography is a sub-area of quantum imag-
ing that leverages the uncertainty scaling of NOON states
to surpass the Rayleigh diffraction limit for the purpose
of photolithography. Photolithography is a procedure
that is commonplace in the manufacturing of integrated
circuits, and utilizes photons to etch patterns in a pho-
toabsorptive material (photoresist) down to the nanome-
ter scale. Complex patterns can be etched to realize com-
plex integrated circuits, including solid state memories
and microprocessors [34].

In photolithography and related manufacturing pro-
cesses, there exists a minimally resolveable distance that
is given by

Az =\ (46)

where A is the wavelength of the incident light on the

photo-absorptive material. This Rayleigh diffraction
limit yields a restriction on how far components can be
placed next to one another. For example, when perform-
ing etching with a 420 nm light, one cannot place two
components less than 420 nm apart, greatly bounding
how small components can be fabricated.

NOON states can provide superresolution for litho-
graphic procedures. This effect can be understood by
drawing equivalence to an N-photon absorption and an
N-photon detection process. For a NOON state, the num-
ber of photons detected is

7(8) = (NOON| (a") N (a)™ | NOON) (47)
=1+ cos(N0) (48)

and for an MZI, 0 = kx = 2”7“3 where x describes the
displacements between the two arms of the interferome-
ter. When compared with the photolithographic resolu-
tion when no entanglement is applied to the state under
measurement, we find that

)\NOON - )\classical/Na (49)

enabling etching at scales that go beyond the diffrac-
tion limit. Such a method is not only useful for super-
resolution, but can also yield large cost savings. Due
to the wavelength scaling of position uncertainty, litho-
graphic companies seek to push etching wavelengths to
the X-ray range [35]. However, moving to these wave-
lengths requires adapting all other imaging systems to
these lower wavelengths, and thus the cheaper technology
and hardware for optical wavelengths is no longer use-
able. However, photoetching with NOON states at an op-
tical wavelength would yield the same gains on positional
uncertainty as photoetching in the X-ray range while still
preserving the low-cost and pre-existing accompaniments
that are required in the procedure. A small demon-
stration of this proposal was realized by Chang et al.
with polymethyl-methacrylate, a UV lithographic mate-
rial that is excited by multi-photon absorption in the vis-
ible region [36]. Using a 800nm titanium sapphire laser
as the etching tool, Chang et al. were able to resolve
etching fringes at a period of around 213 nm, thus over-
coming the classical Rayleigh diffraction limit. Atomic
force microscopy of their etched samples are shown in
figure [§]

However, while this proposal sounds straightforwards
and experimental demonstrations seem effective, a chal-
lenge for realizing the full potential of NOON state-
enhanced lithography is that N-photon absorbing resists
are generally impractical for quantum lithography. Typ-
ical lithographic materials are optimized for single pho-
ton absorption, whereas to attain the full benefit of high
NOON states, materials would need to be able to toler-
ate absorption of a large number of photons [16]. Ad-
vancements in chemistry are likely required to formulate
a lithographic material that can fully utilize the power of
NOON states.



FIG. 8. Atomic force microscopy images of the fringes
recorded on the etched poly-methacrylate lithographic mate-
rial. (a) corresponds to a single exposure with fringes of 425
nm in periodicity while (b) corresponds to a two-exposure se-
quence with a periodicity of 213 nm.
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